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Figure 1. The Categorization of Recommender Systems, Son et al., 2015
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A= darElE 22al e R0l A A" o)zt & 4+ 9= FE &l (Matrix Factorization)& AW
TP FEEA PCAZAl AR EJFULE 19 o|A 244 0= ofdd PCAE H|E3S FHEN7F FHAIAH
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o] Melville et al.(2002)+= ofol&l S Aeigt AL JRE Fall, ofol|] 7He] FAEE AlLtslal o] & o]-&-6to] ARG
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Figure 2. The Understanding of Matrices’ Linear-transform, WIKI
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Figure 3. The Decomposition of Matrix A by SVD, Github
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SVDE] Eolgk Ball= mxm FE|S] W H (Square matrix)T 7}sdt PCAQ] 1154t Eafiet @8] mxndt 22 &
€ #7}(Orthogonal) BZEol thsl] 3l7} 7Hs gyt [Figure 3]0l H% mxn 2719 BE A= mxm 2719 JE
Ut mxn =7]9] T, Z12]3l nxn 27]9] V& FEIZ E3lE 4= AFUT AgiE Sl Ukt V o tehEd=
T+ XY E(Transpose)& SUTH WebA] VT VOl WAPE & T3t 12id A = U = V17t 2 de] 7]
A T o] 923 Ut VTE Z+2} Uojl 43 Left Singular Vector(#F& Eo] #WH), Vol &3 #lE} S Right Singular
Vector (-5 Eo] ME)2tal gy}, Yol 92|38t o] £7} Eolgk(Singular Value)E 2t+= tiZH(Diagonal) &Eo]of
A i ozit 00] obd ghe 7HAH UMAE 00] B A& 7HAAL Qlsyt). 3 & SolHE US Ve A
Z Audh= M2 Ho FYEE PCAY| e} o] Aulst= AL 2l syt 42E & 1 AAE St
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SVD Example(a.k.a. popularity poll)

Can the value of D1's 4™ subject be predicted from the other
value of student-faculty matrix? What about Q’s 3'¢ and 4th
subject values? So in this case, is the full SVD effective?

D1(9t Al Track) 3
D2(9t |E Track) 1
D3(9t ETM Track) 2
Q(10.5% Al Track) 1

Figure 4. The SVD Example used in Prediction, Author
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0Of ‘Left Singular Vector 7} Ht2 UZ} EIL|CE ORRZEX] BEHO 2 VT= ATAS 194 2o (2 Zln siH=Z
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import numpy as np
from numpy. linalg import svd

A =np.array([]3,2,1,0]
T2, ]
253, ]
150 ]

cmwoo

i
3,
2,
a,

U, 8, ¥T = sud(4)

print{"Left Singular Yectors:")
print{U)
print{"Singular Yalues:")
print{no.diag(s)]
print("Right Singular Yectors:")
print(¥T)

print(" The Restored matrix:")
print(U @ np.diag(s) @ vT)

Left Singular Yectors: Right Singular Vectors:

[[-0. 45887801 0.16325091 0. 68579824 -0.54079553] [[-0.46350838 —0.7924771 -0.87367761 -0.13230678]

[-0.43426205 0.4025392 -0, 70050605 -0.39833396] [ 0.3184121 -0.5AB22156 0.70083784 0.28248862]

[-0.48282551 0.45737034 0.14564233 0. 73244809] [ 0.77634018 -0.20727835 -0.57623684 0.149274 ]
]

[-0.60640496 -0.77596631 -0.133268 01113087 1] [-0.08472732  0.09169998 -0.1735197  0.93530092]1]

Singular Values: The _Hestored patljx:

[[7.29857799 0. 0. 0. 1 [[}3.00000000e+00  2.00000000e+00 1.00000000e+00 -3.33066907e-16 |
[0 3.23815062 0. 0. ] [§1.00000000e+00  2.00000000e+00  3.00000000e+00  1.9428302%e-16 |
[0, Q. 1.95134218 0 ] [}2.00000000e+00 2. 00000000e+00  2.00000000e+00  2.00000000e+00]
[o. 0. 0. 1.56121882] ] [§1.00000000e+00  5.00000000e+00 —1.33226763e-15 —6.66133515e-16]

Code 1. The calculation of Singular-Value Decomposition
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Figure 5. The Reduced SVD, WIKI

244 Reduced SVD ®2]o] 5435 UTE Reduced SVDo= Thin, Compact, Truncated ¥4]0] <5t 9
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Truncated SVDY UL} 13 o]A] SVDL] A Q1 X Ph&=A71 o2 A o]F| A=A Truncated SVDoY| thal] gofEtokzl
FUth

Figure 6. The Principle of Truncated SVD, WIKI

[Figure 6] Truncated SVDE H o4l Qlsut) d2ie] sl A= mxn¥ wf, Full SVDY] Left Singular Vector
Q1 U9 gE= mxmo| HojoF st} mxke] Uk(where m>k)7} ¥ 131 Right Singular Vector®l VT2 Ef= nxn
o] wojof 3}‘% kxn®] VKT (where n>k) = E015 35U o] 7|&0] H& Z(9)9] Singular Value FollM 718 &
KZW7A1 3 A Eiakel 7] die ). o2 E EeliE ke AlAtsto] BdshA | Ao Aeks EEAU AS 7}
& Ay = Q=(scalar ol 7 ) Singular ValueE FHsli=thd k9] FdE54 595 & 4 7] W&
Ut} 29 kgtol me} Hes 1S o okt gtol 2ol7} Jix) LohrAUTh Original 323} Truncated SVD

Bl & Bw 218 3 Zof H|wsly] 9af A5d A e 694 83 2He 91o)¢] e EejgtaUtt ol
[Code 2]ollA R 67]9] 24 Singular Value oA 10] Y& = 719] k(3759 110)2 F3HA =W 6xrdoA
22t o 2 Fol 57 HYth Truncated SVDE 23 & HH ghe ALts] By tief 67% == d2e d9s)
AL FU.

import numpy as np

from scipy.sparse. | inalg import svds

from scipy.linalg import svd

matrix = np.random.random{ (8, &))

print (2= 23 W0 natrix)

U, Sigma, ¥t = svd(matrix, full_matrices=False)

print ('l 2™ =2, U shape, Signa.shape, ¥i.shape)
print{'Sigmagt SH2:', Sigma)

num_component s
U_tr, Sigma_tr, Yt_tr = svds{matrix, k=num_components)

print(*Truncated SyD =2l &2 =2, U _tr.shape, Sigma tr.shape, Yt tr.shape)
print{'Truncated SYD Sigmagt ', Signa_tr)

matrix_tr = np dot (np.dot (U tr,np.diag(Signa tr)), ¥t _tr)

print{'Truncated SYDZ £ = = S :Wn', matrix_tr)

HE AHE: Truncated SYDE 251 £ =2 iz

[[0.30984824 0.89023376 0.29565798 0. 76010676 0.63236164 0.44980213 [[0.58654113 0. 40622564 (0. 57463862 0.48012464 0 6E837THT 0.42422521
[0.88479226 0.55847796 0.66518144 0.87738044 0.62073661 0.14039268] [0.67035477 0.56638356 0.65437143 0.55527532 0.7476414 0.48228086)
[0.563217433 0.442152  0.06783P06 0.16417028 0.20708072 0.55622985] [0 51616451 0.5626G6266 0. BOOIATET 0 22940393 0.332908 0 27201247
[0.61563445 0.13438533 0.80418877 0.42164405 0,82728703 0. 59864263] [0.66399185 0.37195451 0.065358195 0.630816803 0.82950594 0. 43713666]
[0.45423941 0.00412503 0.43902454 0.9408348 0.9026608 0.71410918] [0.42997916 0.05285083 0. 42877736 0.84215306 1.07496488 0.55101911]
[0.37640082 057617413 0.2727912  0.04545021 089890603 0. 55599695] [0, 49572196 0.40801568 0.48421786 0. 42756084 0.573682801 0.36506628]
[0.77421672 0.54580674 0. 78701761 0.17237808 0.16290954 0.36079128] [0 74161665 0.9264236 071539330 0 14535254 025259906 0 30040064 ]
[0.64464144 0,45024079 0.76002834 0.41671881 0.99805494 0.15683085] [0.63268101 0.50236392 0.61853434 0.57446048 0.76736171 0.48023553)
=250 Y A2 (8 8 (R (R_R]

Signagts 242 13.75742831 110664508 0.81060195 0.7541745  0.61351651 0.22664535 )

Truncated SYO =of & ARH: 1o, 2] (2 2 b

Truncated $YD Sigma&',t EOHS. 1. 10664508 3 75742891

O

Code 2. The Truncated SVD, where k = 2 out of 6 Singular Value Components
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ATl TEEFFYH 7AE Hold SAHT 547 AA] H= Ao] 24| sl 2] fe]@hA] ofud 11
HEci IR of w2t kgks AEisAl Huth oA A Z-8ARe] oAt Eeksyth

import numpy as np

from scipy.sparse.linalg import svds

from scipy.linalg import svd

matrix = np.random. random{ (8, 6))

print ("2 = S W' natrix)

U, Sigma, ¥t = svd(matrix, full_matrices=False)

print ("=l #E =2, U chape, Signa.shape, Yt shape)
print{'Sigmagt s42:', Sigma)

num_component s

U_tr, Sigma_tr, Yt_tr = svds{matrix, k=num_components)
print('Truncated SYD =2l &2 =F2 ', U_tr.chape, Sigma_tr.shape, ¥t tr.shape)
print{ Truncated SYD S|gmaS¢ DOHE‘ , Signa_tr)

matrix_tr = np.dot(np.dot{U_tr,np.diag(Sigma_tr)), ¥t_tr]
print('Truncated SYDE =23l = =2 - :Wn', matrix_tr]

Fap—=t = Truncated SYD=2 2o = =3 ©@E:
[[0.8279368 0.01892728 0.31586612 0.55114048 0,36524562 0.55931816 [[0.825658561 0.10683024 0,19527951 067792158 0.306494582 0.38601716
[0.64131457 046593663 0.85157555 0.63303099 0.3770385 0.28353791] [0.6442167 0.51129368 0.78851378 0.6911595 0.38317598 0.159045851]
[0.75956019 0.356165124 0.31298819 0.67920488 0.66845093 0,31683306] [0.72603283 0.29710426 0.39504326 0, 86296668 (0.57860836 0.4897368 |
[0.85610716 0.3788443 0.0379528 0.26046502 0.08258512 0.40232959] [0.85012231 0.39233726 0.02021019 0.28999293 0.06652357 0.35367354]
[0.26530016 0.96430845 (0.75468407 0.18799951 0.14339593 0.04176518] [0.24942851 0.95795734 0.794B4571 0.18962364 (0.12825892 0.06214309]
[ 0.5360464 0.17891963 0.26789512] [0.7298083 0.32675967 0.1441475 (0.43514889 0.21209603 0.36453766]
[ 0.95606978 0.49941254 0.4324608 | [0.60654982 0.47306453 0.40672964 0.80124914 0.60137544 0.50623553]
0.71993535 0.92186006 0.91714062] [0.18378036 0.90963516 0.18938037 0. 77962881 (0.90040629 0.8543255 ]

0.71779369 0. 38294627 0.06920932
0.56527444 0.5349743 0. 32938087
[0.18968284 0.87438666 0.23871037
=0 2z A (8 B) (8 (6 _6)
Sigmagt 6. Iﬁ 43366923 1.11844936 0 0743076 0 62149652 0, 43383451 0 18670469 )
Truncated S¥D =3H TZ v-J. 13, 4) (4,) (4, B)
Truncated SYD Sigmagt &2 L0, 6-149602 0 97443070 1 11644930 3 433669-31

Hlﬂ! >“

Code 3. The Truncated SVD, where k = 4 out of 6 Singular Value Components

WEY A, obhE, $RE 5 Uk 249 IT 71952 oju] A4ue] Al S0 2 2N A 7, &
830 ThFE A0 duelEe £ Bk dayth AEeY g A 28X A% Aol wet
wEslsl 719 5 I T UXE $541717] 918 Original ER12E Ala7A ke 2elzo) 42
2 At Solup] gUrh 18 BAHOR 1499] Hlo|E|E A elsielop

AEo] A3t &4E User-ltem M E
u) x491¢] A% (Curse of Dimensionality)eh 3to] TXF9] Hlo]e] = X]2] ok 3 G ko] At 4 xh2lo]

Classifier?] 30| 7844 2.2 Wojx|A| Hut.
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Classifier performance
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D=1 D=2 0

T3 0o Jimensionality (numbar of features)
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Figure 7. The Curse of Dimensionality, Christopher & Vincent

[Figure 7] bl D7} sofdol whe} A jsfor & HloJel7} 7|ah3424] &2 Fojual 37} Training Data §10] /0]
A)4:E]o] Q1A (Optimal number of features)ol] THtEH Classifier A% 3t 781342 0.2 "ojx ZAo] 0o]
s Hohs AS HoFal QgUth o] 2He] Z5 o] ol User-ltem MlEE AV} sold& Az 26
Zof gt Mo =5 IS 3 Ql= AFAF F o= gAY 75T ol Q1L whebA 244 Datasetoll A 2HA16h= H] %
eI Q] 7 2 QI First Rater 2412} 31131 o] 2 QIsH v|o|E] 8] 44 (Sparsity)

= 99
o) a2 o5k HA 2PAAE A5 25 BUTH MARGe] A TS A B B oA 2l
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& 7T Slo] g ek e Fio] loje] 12 (Pre-processing) T ULIT WX sjF mo] BA3]
golab HolHE 7HEshe A& S5k o)y 84 e A5 (Missing Valuo)ol ek o] 22

A) 2@ THA BRgIA) ASG1A Folol Gtk Bato] 2UY £ YA 03 G| WAyska
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o714 WA7hE7) D71 Bobsoha e el Bl 25 E iS5 el el Avjshasy

=]

ax1 0.7 0.7

ox2 -0.6 0.8

FH3

X4

Figure 8. The Example of Matrix Factorization, kakao Tech

[Code 2~3] Truncated SVD ¥alg]|&of|A] kgl W2 2hdE=4a
= o goy AEs Beer HY EE P9 glo] Aelx

= Abegbe g];qjg} zto) 71 &t 9 [F1gure 8]% HE

30
Ll

QEJ(, oA ATyt }Eﬂi A=UL VT—J EJEHO]L} -2 olslE &7 3l olgt LE Asllsynth oleh &
AAT 9] At 2t Us 92 EoHE| 24 4x40l| A 4x22 Truncated = \%

Truncated S8 SolHE Ut wlebA 4712] Folgt FollA o] f-4-= 1j

71 grol 2 2719 Bo AEERQlths 2e & 4 AL whebA 2x29] Eolghs tizto & 2= Diagonal I 1
EA7F gt shuvt ol & 5 7-4119] 3o #EF 47 oy FE R E Fof Hdst
of we} AR F3)FA) FH [(-0.7%-0.5)+(0.7%0.8)]=0.91F Ut} T 40| s = AAts
x-0.3)]= 0.497} HUth o] H4Eo] 2 5419 dSH MI =7t H]1L o] = HEZ HPDE oA FH9]
st 29 ARIL EE eyt vkek =4 Classification R E 712S 0582 ZAotthd 218 7|2 ETE 370 &=
Ao B3 4= 7|EFu|E R 2HA A L7F FUTh & 349] Fro] 05K Akl 519S Lo = Classification
o] ot} Clustering® = 337} 7HsstaL ol 28] ()3 7P 77k SANEES ol 31o] 4k WA] =34
A @yt 2thA o)A FB R npAY ]S H 28l (Non-negative Matrix Factorization, NMF)o]| thgt
Be o2 43 A dag|E 20E k7 U
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NMF+= Al 7ie] g2 2als= SVD(A = U = VT)ot B2 F 7)o g2 Baje= e = ofd 3 V7t S ),
VE WH=VQ = i Wet HE Ealjglal Wek Holl 99]9] - A7 W*HZE Vel Al wi7hA] Saf78 A+
Z](Multiplicative Update Rule)& ¥Ha-51A] HUth T o] HL [Figure 8]3 EE] o]E0A & 4 A% &5
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Figure 9. The Matrix Formation of NMF, WIKI /o] dutut A eA &, EA tigt 7t E
SEGITE He) 495 2 o] BA4Jo] 531 Wet uht

ek 3 glgth PCAE dojele] BAs 7

o] 5} =
bl = =] =
Fo] s Fe FELEY Lo Auste] AdE F2433051 SVDE o]9F FARSHA frA]-ofoldll HEZ A

£ 2 4e £ 4 9 10 SolgkE FoIA A1 2 3he nEE Yo 4 %if&uw QA MR i 9)
U SR8 NMFE o]g} B2 0 olge] ] 2k 2H B40)7|ut shul Z7)9 Aglo] Hloeo) B4e &

sheto] A1 a8 4 AaUr o G4 22 o] Wald 4= 9l7jel 77he.0] §4-3 vl 2l [Figure 8]

o NMF 2312]%& Python© 2 @8] BT okel [Code 413 E40] 7 /1[0 it A 7 (1-3)2 ) W

oF Vel G 2 kot b RIS B o M e DEse s P RS

(n=2)2) Z$2 U] §A4-3 4x4 V Aol fA-E4 4x2 W BT 54-2 2x4 H FUZ Ba|uole 025 =
4 H

E& B40] 37in=3)9] 92 U] §4-F 4x4 V Yo §4-54 43 W FL3} 54-2 3x4 H Y2 et
Ul Hotsyth Bt mERAE M2 H|us| HAHE ofAIZIARE Ao HlolE & ¥ B2 Aoz Eafgt F97t
%A ghe AT T AASTHs AL & 5 AFUTH AT TuE RS0 I FIXER Trade-off
H= ddS R w duA A7 s of Fth

import numpy as np import numpy as np

from sklearn.decomposition import MNWF from sklearn.deconposition import NMF

= np.array([[0,1,1,0],[1,0,1,01,[0,1,0,1],[0,0,1,11]) N ﬂp‘array([[oﬂmO]iJO,LO]J[0,110,1],[0,0,111]]J

modeI:NMF(nfoomDonentSE |n|t— random random_state=0) mode | =NMF {n_components init="randon’, random_state=0)

model . fit{¥) model . fit(¥]

nmf_features=node| transform(¥) nnf_featuree=mnade | transform(v)

matrix_restored=np. dot (nmf_features,model . components._) matrix_restored=np. dot {nmf_features,madel . components_)

print{'Sahpe: ', mmf_features shape, model  component s_. shape)

print('Sahpe: ', nnf_features. shape, mode | . components | shape)

S5
: : S int("WKWeight Matrix):")
print{'W{Weight Matrix):') L
: print {nmf_features)
print nm;;g?&gge;;t”xj | print ('H{Feature Matrix):')

print {mode! .components_)
print{'Restored Matrix: ')
print (matrix_restored)

print (mode ! . components_)
print('Restored Matrix:')
print {(matrix_restored)

[
(&
(
print(’
(
(@
{

Sahpe: f4, 3) (3, 4

Sahpe: |4, 2) (2, 4 Weight Watri=).

Weight Matrix): 0. 0.75424947 1.37642827]
0.3722352 0.5348911 | [0, 1.2169565 0. ]
(0. 0.86412811] [0.56867294 0, 1.3337852 |
[0.71273072 0. ] [0.59432665 0,75243151 0.01395543] ]
[0.37223523 0.53489109]] Feature Matrix):
Feature Matrix): 0, 0.00661503 0.15160011 1.70682908]
0. 1.38193617 0.24159478 1.38193629] [0. 485158449 0, 0.98936102 0. ]
[0.85518989 0. 1.39331669 0. 1 [o. 0.73579006 0.06442326 0.01060202]]
Restored Matr|x: R LLIK
[[0 36045524 0 51440625 0 63620277 0.51440533 []0.35036515 1.01423332 0.83002787 0.01461413
0.BBGIES 0. 120400412 0. 0.56610943 0. 1.20400962 0.
0. 096494526 0,17219202 095494545 0. 0.98514769 0.17213768 0.98476634
0.35045523 0.51440532 0.83520277 0.61440557] | 0.35001945 0.01412976 0.88542547 1.0145623 |]

Code 4. The NMF Performance Comparison between n=2 and 3
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F.. N WOH WA 97 ol § £ AWHR? 9 AR VAN AR O WA 7|47 BAZ Ho}
B3 BOR e BA Sol B of WAL HFOR HFAY 2WL ofdl AY7to] Yt E TFE HEE U
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(Selection)o] ShgUIT}. 2]} tlo]E] ato] 2 %8 Majrt tie] W42 $85jo] Hlojee] Rxg H‘EJr‘—H“
M9l meulEl} of7)o] EGE Elojele] B4k Zkel Legko WBEgIo] e wrele] Hrat o] AR

&Aool EZHU T whiha] AR EAS Arsh=t] £4ke] sdoAnt iy W 7 o= 1tk 4 9l

il Z83 HlolE & ofztojoj 2 A o] s FAEH Hojd £k Uty = SA

StA] Zal7] wiEol EFsh=tl of#gol mE 4 lEyth 1A SFAE Arol€] 2] (Between-class Distance)
iR slal SEA WEe] EAHWithin-class Variance)& 47t EA| 3F= 118

(Eigenvector) 2 FHAEY £ F& 2= B A9 318 B LDA(Linear Discriminant Analysis)7} 2125 $]

=42, stA o] LDA 2X% Linearst o] &4l & 4= 915%0] Lineardt Decision Boundary?hS AFg8-sto] 2|43}

8]0l AlZS Dataseto] 4% A, T ete] BA7} B9HE 4 QLA T Fea 7he] WFL Hl SRt BAR Ko7} 9l

L A go] Wolx| A HuUr) LefA o] BES 2HE517] 98] SVM(Support Vector Machine) 7|5 o] Ltgk

=
2re] B QA

]l

r{r

92k (Eigenvalue) T} 3153l €]
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